In this work we study the decay constants of B and B s mesons based on the wave function obtained in the relativistic potential model. Our results are in good agreement with experiment data which enables us to apply this method to the investigation of B-meson distribution amplitudes.
I. INTRODUCTION
The study of B-meson decays, especially the exclusive semi-leptonic and two-body nonleptonic channels, presents us rich information for testing and understanding the Standard Model (SM). In the past two decades, as the running and upgrading of B-factories, BaBar and Belle and also the CLEO, LHCb experiments, a great amount of experimental data has been accumulated. Although a lot of models and/or approaches have been developed in theoretical research, the poor knowledge of non-perturbative Quantum Chromodynamics (QCD) effects still limit theoretical predictions severely. In two-body non-leptonic decays of B-meson, QCD factorization theorems [1] [2] [3] [4] and perturbative QCD methods [5] [6] [7] [8] [9] have been developed, which allows to separate the non-perturbative effects out as the universal quantities, such as, the light-cone distribution amplitudes (LCDA) and the form factors.
The B-meson LCDA has been studied extensively and thus several models are proposed in the literature [10] [11] [12] [13] [14] [15] [16] [17] [18] .
Inspired by the construction of initial bound state in Ref. [19] and based on our previous works on mass spectrum [20, 21] and wave functions of B-meson [22] , we try an alternate way to study the LCDA with the help of the wave function obtained in the relativistic potential model [20, 21] . Considering the recent experimental data on the pure leptonic decays of B meson, in this paper, we focus on a careful investigation about the decay constants and the distribution amplitues (DAs) of B-meson.
In particular, the decay constants of the heavy-light mesons are related directly to the pure leptonic decay widths and thus provide a way to check different theoretical models and may give hints for the physics beyond the Standard Model (SM). During the past decades, many methods have been applied to the study of the decay constants from QCD sum rules [23] [24] [25] [26] [27] [28] [29] , the Bethe-Salpeter equation [30, 31] , the field correlator method [32] , the soft-wall holographic approach [33] , the potential models [22, [34] [35] [36] [37] , etc., to the Lattice QCD simulations [38] [39] [40] [41] [42] [43] [44] [45] . Up to now there are still large uncertainties for the value of |V ub | [46] and only the τ -channel in purely leptonic decay are measured in experiment [47] [48] [49] [50] (also with large uncertainties). Our results are well located in the experimental error bars [47] [48] [49] [50] [51] . Further tests are needed from experiments in future with enhanced precision (most possibly comes from Belle II / SuperKEKB collaboration [52, 53] ).
As we do not make the light-cone and heavy-quark approximations, our study on B-meson distribution amplitudes achieves more general results. The analytical forms both in coordinate and momentum space are obtained. When they are transformed to the commonly used form of LCDA, the figures clearly show that our results are reasonable since they obey the model-independent limitations [13] . We also consider the pure leptonic decays of Bmeson to QCD one-loop level, and we find that one-loop corrections in QCD will be zero after subtracting the infrared divergence by using the factorization method.
Our paper is organized as follows. In Sec.II, after briefly introducing how the initial state is constructed, we focus on the detailed procedures and restrictions used to calculate the decay constants of the B-meson. Through the pure leptonic decay channels, our results are verified with the experiment data and we also give a simple discussion about the possible experiment in the future. Next, we continue to the study of the matrix element of B meson which defines the distribution amplitudes (DAs) in Sec.III. The analytical forms of the matrix element and DAs are obtained and figures are shown as illustrations. We deduce a compact expression of the matrix element containing the whole Dirac structure. Sec.IV is devoted to the study of the pure leptonic decay of the B-mesons up to one-loop level in QCD and Sec.V is for the conclusion and discussion.
II. DECAY CONSTANTS OF B AND B s MESONS
Recently, the spectra of heavy-light quark-antiquark system have been studied in the relativistic potential model in our previous works, where hyper-fine interactions are included [20, 21] . The whole spectra of B and D system are well in agreement with experimental measurements. Hence in this work, we extend our previous work [20, 21] by studying the decay properties of B meson with the wave functions obtained in the relativistic potential model. We study the decay constants of B and B s mesons at first, and then give a compact form of distribution amplitudes of B-meson, which shall be useful for studying B decays.
The decay constant of a pseudocalar meson is defined by the matrix element of the axial current between the meson state and the vacuum
where the axial current is composed of a light antiquark fieldq and a heavy quark field Q.
We describe the pseudoscalar meson as the bound state of an antiquark and a quark [19, 22] ,
where N L is the normalization factor, and the normalization conditions will be shown explicitly below. i stands for the QCD color index and
is the corresponding normalization factor. Also, the factor
is the normalization factor for the spin fields which are indexed by up or down arrows. Inside the square parenthesis, b i † and c i † are the creation operators of the light antiquarkq and the heavy quark Q, respectively.
is the normalized wave function of the pseudoscalar meson at ground state (subscript 0) in the momentum space, which describes the wave function of the two quark constituents in a meson. It is noted here that these quark constituents are the effective quarks carrying a gluon cloud and therefore the quarks have constituent masses [54] .
The wave function can be solved from the Schrödinger type wave equation with relativistic
where H 0 + H is the effective Hamiltonian (their explicit expressions can be found in ref-
erence [21] ) and E is the energy of the meson. The first term H 0 contains the kinetic part and the effective potential which is taken as a combination of a Coulomb term and a linear confining term inspired by QCD [34, 55, 56] .
The second term H is the spin-dependent part of the Hamiltonian resulting from onegluon-exchange diagram in the nonrelativistic approximation [34, 57] , and new terms which accounts for contributions of nonperturbative dynamics in the bound state system and relativistic corrections for the light quark in the heavy meson [20, 21] .
The normalization conditions for wave function are
Note that we omit the color index of the operator c and use s, s to denote the spin states.
Substituting Eq. (2) into Eq.(4c) and considering Eq.(4a) and Eq.(4b), we can obtain the normalization factor
The wave function has been solved numerically in our previous work [21] . For B meson, the wave function can be expressed by
where Since it is convenient to have an analytical form of the wave function Ψ 0 ( #" k ) for the numerical calculation, we fit the wave function obtained in our previous work [21] with an exponential function and finally got the fitted form for the B (S) meson wave function as
where the parameters for In the calculation of the decay constants, the four-momentum conservation law should hold
where k q,Q and P are the momenta of the quark constituents and the meson respectively. With the restriction above, we take the ACCMM scenario [58, 59] , where the light quark is kept on-shell, while the heavy quark off-shell,
Eq.(9a) is the energy conservation in the meson rest frame. We also assume that the running mass of the heavy quark must be positive 
where the integral over the variable #" k shall be limited in the finite range according to
The parameters used in this work are [21] 
and the mesons' masses are taken from PDG [46] m B = 5. 
where G F is the Fermi constant, V ub the Cabibbo-Kobayashi-Maskawa (CKM) matrix element, m B and m l the B ± meson and lepton masses respectively, and τ B is the life time of
In this work, we obtain
where the errors mostly result from the uncertainties of the decay constants f B and the
The branching ratio of B → τ + ν τ channel is measured by Belle and BABAR collaborations [47] [48] [49] [50] , which is shown in Table. II.
Taking the large uncertainties of the experimental data into consideration, our predicted branching ratio of the decay channel B + → τ + ν τ (Eq.(15c)) is consistent with the experimental results.
As an upgrade of the Belle / KEKB experiment, the Belle II / SuperKEKB will start taking data from 2018. With a designed luminosity 8×10 35 cm −2 s −1 , which is about 40 times larger than its predecessor, data sample corresponding to 50 ab −1 will be accumulated within five years of operation [53] . It is expected to reduce both the statistical and systematic errors of the B + → τ + ν τ decay mode by a factor about 7 [65] .
III. B-MESONS DISTRIBUTION AMPLITUDES
Based on the success of our predictions on the mass spectrum [20, 21] and the decay constants of B-mesons, we continue to study of the matrix element of B meson which defines the DAs. The matrix element and DAs are generally used in studying hadronic decays of B
meson.
Generalizing the current in the definition of the decay constant in Eq.(1) from local to non-local operators and making use of the Fierz identity, we obtain the matrix element between the B meson state and the vacuum in coordinate spacẽ
where 
According to the discrete symmetries of C, P, T and the properties of the Dirac matrices, the five matrix elements in the right-hand side of Eq.(17b) are related to four DAsφ i (i = P, T, A1, A2 and the tilde means they are in coordinate space) as defined in Ref. [10] 0 q(z)Q(0) B = 0,
In our scenario, we calculate these five matrix elements in the B-meson rest frame 
where For the other DAs in Eqs.(19c) and (19e) (the detailed derivation can be found in Appendix A), we define two functions A T and A at first
where k 1 , k 2 , k 3 are the compoents of the light quark momentum #" k , and
Then we obtain the expressions
For the details of the summation in the square parentheses containing the ellipsis, see
Eq.(A3). Now, with the Eqs. (21) and (23a)-(23c), the matrix element of B-meson in coordinate space can be rewritten as
In order to obtain the expressions of the DAs in momentum space, we make use of the amplitude of a decay process which can be expressed as a convolution [11] 
Substituting Eq. (24) into Eq.(25) and making some reductions (see Appendix B for details), we obtain
and
It is understood that the derivative
in Eq. (26) (which is called the momentum space projector [11, 66] ) act on the hard scattering kernel T βα (l) before l = k q is set.
Since we do not make the light-cone approximation z 2 = 0, the "new" convolution formula of Eq. (27) is reduced to a 3D-integral which reserves more information about the transversemomentum-dependence of the DAs and the hard scattering kernel. As expected, we obtain the four DAs in the momentum space,
In general, the functinal form of these DAs above plays an important role in the study of the B-meson decays [13] . Thus it is necessary and useful to give an illustration of them.
For simplicity, let #" k = (0, 0, k 3 ) and in Fig.3 we show how these four DAs vary with respect to |k 3 |. In the heavy-quark limit, one can obtain that one of the axial-vector DA φ A2
is equal to the axial-tensor DA φ T [10] . which is consistent with the fact that the DAs is inversely proportional to square root of the decay constants and masses.
In addition, the light-cone coordinate is widely used in the study of the DAs (for examples, see [11, 13, 18, [66] [67] [68] [69] As shown in Fig.4 , the distribution amplitude φ A1 is taken as an example here since it equals to the most generally used LCDA φ + B in the framework of heavy quark effective theory (HQET) and our results do not conflict with the general analysis [13] and has a similar shape with some guessed models.
Next we try to get a compact form of the matrix elementΦ αβ (z) = 0 q β (z)[z, 0]Q α (0) B (P ) .
We substitute Eq. (21) and Eqs.(23a)-(23c) into Eq.(17b) and after a few steps of simplification, we obtaiñ
where we define three 2×2 matrices
and #" σ is the Pauli matrix. For simplicity, we define
Then the convolution formula of Eq. (27) can be rewritten as
where the spinor matrices are given in Dirac Representation (D.R.).
Next we introduce two light-like vectors n µ ± = (1, 0, 0, ∓1) and define / n + ≡ n
, with which another form of Eq. (26) can be derived
Compared with the commonly used results (for instance, see Eq.(109) in Ref. [11] and Eq.(2.48) in Ref. [18] ), this new form reveals the whole Dirac structure of the momentum projector. The part containing
is proportional to the heavy quark's mass and is the only term in the framework of HQET. Since when the heavy-quark mass m Q goes infinity, the contribution of other part in Eq.(33) will be very small and can be ignored. Therefore, as we take the finite heavy-quark mass , the (E q + m q ) part will give extra contribution and may be an important correction in the study of B-meson decays.
IV. QCD ONE-LOOP CORRECTIONS TO LEPTONIC DECAYS OF B-MESON
In Sec.II, we study the leptonic decays of B meson in tree level. In this section, we shall extend this study by including QCD one-loop corrections. In considering one-loop corrections in QCD, if one naively calculate the loop diagrams, one will encounter not only ultraviolet divergence, but also infrared divergence. Factorization methold can be applied to obtain the infrared safe amplitude on the quark level. Now that we have to consider the transition amplitude at quark level as the first step to study the process of meson decay, let us take the free quark state |ū r (k)b s (p − k) as the initial state at first. Factorization means that the matrix element of a physics transition process F µ can be expressed as the convolution of the wave function of the initial state and the hard transition amplitude T
where the circle-time ⊗ denotes the convolution like Eq. (25), and µ denotes the Lorentz index that may appear in the physical transition matrix element. All the infrared contrbutions are obsorbed into the wave function Φ, while the hard ampitude T is infrared safe.
In the perturbation theory, the matrix element F µ , which relevant to the quark transition process, the wave function Φ and the hard-scattering kernel T can all be expanded by the power of α s . Therefore the factorization formula takes the form [71]
where the superscripts (n) indicate the perturbation levels. After calculating both the matrix element F (1)µ and the wave function Φ (1) at one-loop order, one can extract the hard amplitude T (1) by using Eq. (35) , that is
At one-loop level, both the matrix element F (1)µ and the wave function Φ (1) are infrared divergent. Through the substractiopn in the right-hand side of Eq. (36), the infrared divergence may be cancelled . Then we can get the hard amplitude T (1) which is infrared safe.
At tree level, the factorization is straightforward and we show the results briefly.
The matrix element F µ , as shown in Fig.5 , is obtained The definition and result of the wave function based on the free quark state |ū
Matching the matrix element in Eq.(37) and the wave function in Eq.(38) into the factorization formula
we can deduce the hard-scattering kernel
This tree-level result is independent of the momentum k and is a constant matrix which plays an important role in the reduction at one-loop level.
Next, we establish the factorization at one-loop level and evaluate the hard-scattering kernel at this level. Fig.6 (a)-(c) show the three Feynman diagrams for the matrix element . 6 . Feynman diagrams at one-loop level for F .
In Fig.6 (a) , all the momenta of quark and gluon lines are shown. The contribution of 
where g s is the strong coupling constant.
The results for Fig.6 (b) and (c) corresponding to the renormalization of the light antiquark fieldū and the heavy quark field b are
The renormalization constants are defined in terms of the one-particle irreducible (1PI) diagrams Σ by
The corrections for the wave functions at one-loop order contain 6 Feynman diagrams which have been divided into two groups. They are shown in Figs.7 and 8. It will be shown later that, when the contribution of the diagrams in Fig.8 convolutes with the hard-scattering kernel at tree level, the result will be zero.
The contribution to the wave function from vertex correction ( Fig.7(a) ) is and the wave function renormalization of the heavy quark field (Fig.7(b) ) and the light quark field (Fig.7(c) ) are
Then it is straightforward to obtain the results after the convolution with the hard-scattering kernel at tree level
) βα and we find that
It is noted that there are two scales in the above equations, i.e., the factorization scale µ F in the wave functions Φ At last, we turn to the contributions of Feynman diagrams in Figs.8. The contribution of Fig.8 (a) contains a gluon propagator both staring from and ending at the Wilson-line. In the light-cone approximation and working in the Feynman gauge, this propagator vanishes [71] since z is a null vector on the light-cone (z 2 = 0). As for our case, the result is still zero.
First, we obtain Φ (1)0a
In Eq.(47a) we make the substitution x µ = xz µ and y ν = yz ν in the Wilson-line.
Next, substitute Eq.(47b) into the convolution formula, and perform the partial integration. By noting that the hard-scattering kernel is a constant Dirac matrix, we can demonstrate
For the other two diagrams in Figs.8, the corresponding contribution of Fig.8(b) is
and then the convolution is
Similarly, we can obtain that the contribution of Fig.8 (c) βα and thus considering Eq. (36), the total contribution to the hard-scattering kernel at one-loop level T (1) βα is zero. Therefore the QCD one-loop corrections to the leptonic decay of B meson are zero in the factorization scheme.
V. DISCUSSION AND CONCLUSION
Using the wave function that is obtained in the relativistic potential model in our previous work [21] , where the hyperfine interactions are included, the decay constants and pure leptonic decays of the B-mesons are studied in this work. To keep the four-momentum conservation between the quark-antiquark pair and the meson, we use the ACCMM scenario [58, 59] to treat the constituent quarks, where the heavy quark is taken to be off-shell, while the light antiquark is kept on shell. Compared with our earlier work [22] , the difference is that the wave function used here is obtained by considering the hypherfine interactions in the wave equation, and the heavy quark is treated off-shell in the decay process. The offshellness of the heavy quark can be explained as obsording the effective effects of the gluon cloud arround the heavy quark. With such a treatment, the branching ratios of leptonic decays of B meson obtained in this work are consistent with experimental data.
Based on the success of studying the leptonic decays of the B meson, we further obtain the distribution amplitudes for B meson both in coordinate and momentum space. The distribution amplitudes of B meson are widely used in the study of B-meson decays. In addition, we obtain another form of the non-local matrix element in Eq. (33) . Considering the success of the ACCMM scenario in studying the leptonic decays, the heavy quark in the distribution amplitude needs to be treated to be off-shell to maintain the momentum and energy conservation. The new form of the non-local matrix element ontained in this work, Eqs. (29a) or (29b) and Eq.(33) shall be useful in the study of the semi-leptonic and non-leptonic B decays, where the longitudinal and transverse compoents are automatically included.
We finally studied the QCD one-loop conrrections within the frame work of the factorization approach. We find that, after suntracting the infrared divergence, the QCD one-loop corrections will be zero.
Appendix A: Derivation of the distributiom amplitudesφ T (z),φ A1 (z), andφ A2 (z)
In this appendix, we give a brief derivation of the three distributiom amplitudes stated in Eqs. (23a)-(23c) . The direct result aboutφ T (z) in Eq.(19c) is
where k i stands for any of the components of momentum #" k and N B = 
The situation is similar for the derivation ofφ A2 (z).
For the DAφ A1 (z), after substituting Eq.(23b) and Eq.(22b) into the equation Eq.(19e), we obtaiñ 
